7 April 1997

PHYSICS LETTERS A

Physics Letters A 228 (1997) 164-175

Virasoro symmetry of constrained KP hierarchies

H. Aratyn®'2, E. Nissimov >34, S. Pacheva®®33

2 Department of Physics, University of lllinois at Chicago, 845 W. Taylor Street, Chicago, IL 60607-7059, USA
Y Institute of Nuclear Research and Nuclear Energy, Boul. Tsarigradsko Chausee 72, BG-1784 Sofia, Bulgaria
¢ Department of Physics, Ben-Gurion University of the Negev, Box 653, IL-84105 Beer Sheva, Israel

Received 30 October 1996; revised manuscript received 26 January 1997; accepted for publication 28 January 1997
Communicated by C.R. Doering

Abstract

The conventional formulation of additional nonisospectral symmetries for the full Kadomtsev-Petviashvili (KP) integrable
hierarchy is not compatible with the reduction to the important class of constrained KP (cKP) integrable models. This
paper solves explicitly the problem of compatibility of the Virasoro part of additional symmetries with the underlying
constraints of cKP hierarchies. Our construction involves an appropriate modification of the standard additional-symmetry
flows by adding a set of “ghost symmetry” flows. We also discuss the special case of cKP - truncated KP hierarchies,
obtained as Darboux-Bicklund orbits of initial purely differential Lax operators. Our construction establishes the condition
for commutativity of the additional-symmetry flows with the discrete Darboux-Bécklund transformations of cKP hierarchies
leading to a new derivation of the string-equation constraint in matrix models. (€) 1997 Published by Elsevier Science B.V.

1. Introduction

Relations between integrable models and conformal symmetries have been studied intensely since the first
early signs of their interconnection showed up in the literature in seventies [1]. More recently, the KdV
hierarchy formulation of nonperturbative 2-d quantum gravity [2] in the framework of (multi-)matrix models
prompted more studies in this field. The subsequent work pointed out the nonisospectral symmetry origin of
the pertinent Virasoro constraints on the string partition function but remained mostly limited to the KdV-like
reduction of the KP hierarchy since it was dealing with the double scaling limit of the matrix models [3].

Quite recently a new class of integrable systems appeared both in mathematical literature [4] and inde-
pendently in physics literature [5], where the motivation came from Toda field theory and discrete matrix
models. These systems belong to the class of the so-called constrained KP hierarchies (cKP) as they are
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obtained by a symmetry reduction (which generalizes the KdV type of reduction) from the underlying general
(unconstrained) KP hierarchy. The cKP hierarchies contain a large number of interesting hierarchies of soliton
equations.

We address here the issue of formulating the additional nonisospectral Virasoro symmetry structure for the
cKP hierarchies. This amounts to solving the problem of compatibility of the constraints with the additional
nonisospectral symmetries of the original KP hierarchy. First, we show that the Virasoro algebra formulated
according to the standard approach to KP additional symmetries [6] is broken by the cKP constraints down
to its s/(2) subalgebra (containing Galilean and scaling symmetries). Next, we show how to recover the full
Virasoro symmetry (for the Virasoro generators £,,n > —1) by adding to the standard Virasoro generators
“ghost” symmetry flows related to the plethora of (adjoint) eigenfunctions characteristic for the cKP Lax
operator formulation.

We also discuss a special case of cKP hierarchies ~ the so-called truncated KP hierarchies obtained as
Darboux-Biécklund (DB) orbits of initial purely differential Lax operators. Application of our construction
establishes the condition for commutativity of additional-symmetry flows with the discrete Darboux-Biacklund
transformations. This condition sheds new light on the derivation of the string-equation constraint {string
condition) for matrix models. Details of calculations will appear elsewhere [7].

2. Background on KP hierarchy

We use the calculus of the pseudodifferential operators to describe the KP hierarchy of nonlinear evolution
equations. In what follows the operator D is such that [D, f] = f/ with f/ =df = df/dx and it satisfies the
generalized Leibniz rule (Eq. (A.1) from the Appendix).

The main object here is the pseudo-differential Lax operator Q

r—2
Q=D+ v;D/+Y> uD™ (N

=0 il
of a generalized KP hierarchy (here “generalized” refers to the fact that Q is an rth order operator with r > 1,
see also Ref. [8]). The associated Lax equations (with x = 1;),

g :
—-e=10/"01.  I1=12.., )
1

describe isospectral deformations of Q. In (2) and below, the subscripts () of pseudo-differential operators
indicate purely differential/pseudo-differential parts. Commutativity of the isospectral flows 3/t (2) is then
assured by the Zakharov-Shabat equations. One can also represent the Lax operator in terms of the dressing
operator W =1+ 3 1° w,D~" through Q = WD"W~'. In this framework Eq. (2) is equivalent to the so-called
Wilson-Sato equation,

d
—W=—(WD'W H_W 3)
aty

For a given Lax operator @, which satisfies Sato’s flow equation (2), we call the function @ (¥ ), whose flows

are given by the expression®,

oP ir v U7
= - A . I=1,2,..., 4
an + (@) an (@) (¥) (4)

6 For any (pseudo-)differential operator A and a function f, the symbol A( f) will indicate application (action) of A on f as opposed
to the symbol A f meaning just operator product of A with the zero-order ( multiplication) operator f.
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an (adjoint) eigenfunction of Q. In (4) we have introduced an operation of conjugation, defined by simple
rules D* = —D and (AB)* = B*A*. An eigenfunction, which in addition also satisfies the spectral equations
Qu(A,t) = AY(A,t) is called Baker-Akhiezer (BA) function.

3. Additional symmetries for the KP hierarchy

The KP hierarchy has an infinite set of commuting symmetries associated with the isospectral flows described
above (Eq. (2)). However, the group of symmetries of the standard KP hierarchy is known to be much bigger.
The extra symmetries are called “nonisospectra ” or “additional” symmetries A convenient approach to deal
with byuuncuws of the uuchauw hierarchies of eq'ﬁations was ucvclupcu Uy Orlov and Schulman (see Refs.
[6,9,10]) and this is the approach we will use here. Other important contributions to the subject of additional
symmetries for the KP hierarchy were made by Fuchssteiner [11] and Chen et al. [12]. See also Ref. [13]
for the related discussion of the AKNS model, Ref. [14] for the truncated KP hierarchy and Ref. [15] for
treatment of the generalized matrix hierarchies.

Let M be an operator “canonically conjugated” to O such that

:9
[Q.M] =1, an =10/ M (5)

The M-operator can be expressed in terms of dressing of the “bare” M ® operator

r

7 7 ) o I
0 L I—r _ LTI ] _ 13 I—
MO = § :;I,D "= X + § . tru D, X = § ;t[D r (6)
21 >1 I=1

conjugated to the “bare” Lax operator (9 = D". The dressing gives

_ l+r , I+r Ur
M=WMOW™ = WX W+ =107 =Y —1,0) + M-, (7)
21 120
_ I+r oW _ _
M. =WXW —t, =t W (8)
>1 o

where in (8) we used Eqgs. (3). Note that X,y is a pseudo-differential operator satisfying [D", X(n] = 1.
The so-called additional (nonisospectral) symmetries [6,9] are defined as vector fields on the space of KP
Lax operators (1) or, alternatively, on the dressing operator through their flows as follows,

GinQ = —[(M"Q%) _,01 = [(M"Q%),01 +nM"™'Q%, i, W = —(M"Q*)_W. (9)

The additional flows commute with the usual KP hierarchy flows given in (2). But they do not commute
among themselves, instead they form the Wy, ., algebra (see, e.g., Ref. [9]). One finds that the Lie algebra
of operators dy , is isomorphic to the Lie algebra generated by —z"(3/3z)*. Especially for n = 1 this becomes
an isomorphism to the Virasoro algebra d;) ~ — Ly, with [Lp, £i] = (n — k) Ly

4. Constrained KP hierarchy and additional symmetry

We now turn to the main problem of this Letter, namely, compatibility of the additional Virasoro symmetry
with the constraints defining the cKP hierarchy. We first introduce the symmetry constraints leading to the
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cKP hierarchy. Let d,, be vector fields, whose action on the standard KP Lax operator (with r = 1) A =
D+ 3% uiD™"=1 is induced by the (adjoint) eigenfunctions &;, ¥; of A through [4]

3 A =T A H Nl 10
Og A Z [ABD ¥ (10}
Let us recall the following fundamental property.
The vector fields d,, commute with the isospectral flows of the Lax operator A,
[0a,,3/0t;1A =0, I=1,2,..., (11)

The constrained KP hierarchy (denoted as cKP,,,) is then obtained by identifying the “ghost” symmetry flow
S, da, with the isospectral flow d/dt, of the original KP hierarchy.

Comparmg (10) with Eq. (2) we find that for the Lax operator belonging to the cKP, ,, hierarchy we have

AL L(— &;D~'¥;. Hence we are led to the Lax operaior L = A" given by
r—2 m
L= L++Z¢>D"¥' D' +Y uD'+> &D7'¥, (12)
i=1 1=0 i=1

and subject to the Lax equation (2). Therefore, we parametrize the cKP,, hierarchy in terms of the Lax
operator (12) and consider in what follows the operator M conjugated to L from (12). Note that the (ad-
joint) eigenfunctions &;, ¥; of the original Lax operator A used in the above construction remain (adjoint)
eigenfunctions for L (12) [16].
Applying the additional-symmetry flows (9) on L (12) for n =1 we get
(3, 1) =T1(MIN . 17 LIk (13)
\"Kl 7= L\IvE&s g def T \Adt J e \viJy
Using the simple identities (A.3) and (A.5) from the Appendix for the Lax operator (12), we are able to
rewrite (13) as

m m k—1
(Jeal) - = > (ML) ($))D™'¥; — quD ML) + ) > LN (@) DT ().
i=] i=l =l j=0
(14)
Here
m
L(®) = Lo(®) + Y #;07 (¥8) (15)
jl
{and similarly for the adjoint counterpart) denotes action of L on &;. Notice that L=y, (LY (%)

are (adjoint) eigenfunctions of L (12). Hence, whereas the original L (12) belongs to the class of cKP, ,
hierarchies, the transformed Lax operator given by ;1L (cf. Eq. (14)) belongs to a different class — cKP; 1)
(for k > 3), since the number of eigenfunctions compared with formula (12) has increased.

For k =0, 1,2 the flow equations (14) can still be rewritten in the desired original cKP, ,, form,

m
(3:L)- =) (3,@)D~'¥; + &:D~! (8, ), (16)

i=]
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with 4, = dr,; (k=0,1,2), where

30,1®P: = (M) (D)), do,1¥i = — (M) (%), (17)
0119 = (ML) (®;) + ad;, 911 =—(ML) (%) + BY,, at+p=1, (18)
321P; = (ML?) (&) + L(P;), Fra¥i=—(ML?)L (%) + L*(¥)). (19)
Note an ambiguity on the right hand sides of (18). )
Since the additional flows satisfy an algebra [d;,1,9¢1] = —(I — k)y4x—1,1 we have an isomorphism 67,“1 ~
—Ly..; with the Virasoro operators and Eqs. (17)-(19) contain the s/(2) subalgebra generators £_, Lo, L;.
However for 2. = 3. EF>3 Fn ( 16\ does not hold anvmore dne to aheence of concicteant definitione for

VCL, 101 Oy = 0k ) K = 2 LUCS D0 N0RC Qi I0I0 CU0 10 QUSCILL O LUNGISICIIN CGLIIEMIONS 108

Or1D;, 0x.1¥; generalizing (17)- (19) for higher k. Thus, it appears that the symmetry constraints behind the
cKP hierarchies have broken the standard KP additional Virasoro symmetry down to its s/(2) subalgebra.

To recover the complete Virasoro symmetry, our strategy will be to redefine the additional-symmetry gener-
ators. We first describe our technique for k = 3 in which case Eq. (13) contains a term

(L*)_= S“qu-‘(L*) (¥) + TL(qb YDTIL* (%) + TLZ(cp YD~y (20)

i=1 =1 i=1

Note that th

N0

e
the pseudo-differential operator

I
XzZMkD‘lNk (21)

=1
R=1

with definitions (12) and (21) we find using identity (A.4) from the Appendix,

[X,L]_ = Y[ L(M)D~ 'Nk+MkD—1L*(Nk)]+Y‘[X(¢)D-1w &, D' X*(¥)]. (22)

X0 =3"N 1 - $ k= DI (@) DTHLY (), k21, (24)

n
D =552 =) + L —2) (k= D1 (@) DL (v, k>1. (25)
VAY A

Acpmedio o e Tio £11) et d Y i1l anminiatn wotele sl fosciann fonl oo LN ot
ACCUIUL 15 (V) Dq. Lil) l.llC llUWb ECllClle Uy V&4 ) win bUllullUlC Wllll l.llC lbUbl)Cbudl HUWD (&) pl

are (adjoint) eigenfunctions, which will be the case in what follows.

Smce X,(CO) = (L) _ for the cKP hierarchy [17] the operators from (23) generate the standard isospectral
flows. We now investigate the role of remaining operators from Eqs. (24), (25) for the construction of
nonisospectral flows within the cKP hierarchy. Considering first as an example operator X,(;% from Eq. (24)
we find that

_2
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(X", L)_=—(LH-+ %Z[cb,-D“(L*)z(‘I’,-) + LX(®)D™'¥w;]

i=]

m
+ 31X (@) D' — BD T XV ()], (26)
i=1
Hence [——(ML3)_ +X§1),L]_ still has the form of (16). Therefore, it may be possible to find additional

symmetries for the cKP models by combining the original d;, flows and the ghost symmetry flows (10)
associated with operators of the type as in (24). This will work provided that the above construction yields
the Virasoro generator £, obeying the correct algebra with the unbroken sI(2) generators found above in
(17)-(19).

We now generalize the above manipulations to an arbitrary k using definitions (23)-(25). Acting on (23)-
(25) with dg for £=0,1,2 and using

Goa LMD = (MLY) L (LM(®)) + (k+ Lo L (@),
o (LY (W) = —(MLO L (L)) + (k+ Loy (L)* -1y, (27)
valid for £=0,1,2 and k > 0, we get

Je1X® = (ML, X{V1_+kx2,_|, (28)
Iea Xy = [(MLY L XD+ (k—e+ D)X, (29)
daXP = [(MLY L XP1_+ [k—-26 - D1XZ,_ ~Le-1)° - (¢-1)1x9,_,. (30)

Here we recognize the structure of the Wy, algebra under substitution £ — £ — 1 (see, e.g., Ref. [18]). Let
us now restrict our attention to the part of the algebra involving the X“), operator from (24). We note that
(22) and identity (A.5) from the Appendix enable us to obtain

(X0, L1 = 5 (@D~ (L) (@) + L= (@) D) — (14

=]
m
+ > [-&:D7 (XU () + XV () D). (31)
i=1
Putting together (14) and (31) yields our main result:
The correct additional-symmetry flows for the cKP hierarchies (12), spanning the Virasoro algebra, are given
by
L= [—(ML_+x, L], (32)
(H

i.e., with the isomorphism £;,_; ~ —(ML*)_+X,,, where X
operators and BA functions the flows (32) read

(D, are defined in (24). Accordingly, on dressing

RW=[—(MLYY_+ XD W, app(e.A) = [—(MLY - + XV 1w (1, 1)), (33)

First, observe that the flows (32) preserve the cKP,,, form (12). Indeed, (d; L) _ can be cast in the form
of (16) with
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k
P = (ML*) (&) + ELH (@) + X (@),
* * k * —_ *
W= —(MLF)* (w;) + 5 (L el (wy) — (xV))*(wy). (34)

Taking into account that X,(_”l =0 fori=0,1,2 we see that Eqs. (34) reproduce (17)-(19) (with ambiguity
on the right hand side of (18) removed by fixing @ = 8=1/2). Hence 3, = dgy for £=0,1,2.

Secondly, we note that the modified additional symmetry flows defined by (32) commute with the isospectral
flows (2} according to (10), (11).

The remaining question is whether they form a closed algebra. Indeed, using identity (29) we arrive at the
fundamental commutation relations for £=0,1,2 and any &k > 0,

[87,0¢ 1L = (k — £)3g L. (35)

This discussion shows that [L;, £i] = (i — k) L4 for i = —1,0,1 (s1(2) generators) and arbitrary k, where
Ly ~ —3d; . Since according to (32) the generator L; is associated with Xél) — (ML?) _, all higher Virasoro
operators can be obtained recursively from

Lo = ——[Ln L], n32 (36)
=D

Then Eq. (35) implies that £, with » > 3 may differ from the generators given by the flows d;, ;, ~
— (ML) _ 4+ XD defined in (32) at most by flows commuting with the s/(2) additional symmetry generators,
i.e., by ordinary isospectral flows. Therefore, we can now easily show by induction that £, k 2> —1, obtained
in the above way form a closed Virasoro algebra up to irrelevant terms containing ordinary isospectral flows.

5. Darboux-Biicklund transformations of cKP hierarchies. Truncated KP hierarchies

Let @ be an eigenfunction of L defining a Darboux-Bécklund transformation, i.e.,

;t—qb =1/"(®), L=(oDd ") L(@D ‘@), W=(oDd~)WD™! (37)
!

Then the DB-transformed M operator (cf. (7)) acquires the form

- i - -
M=(¢D¢‘1)M(¢D‘1¢“')=Z +’t,+,L£{’+M_, (38)
120
~ o l+r 8 ~ =
- -1 LI v . -1
M_=WXnW'—t,->" . t,+lath w1, (39)

21

where f(,) = DX D! with X,y as in (6). Clearly X, like Xy, is also admissible as canonically conjugated
to D",

In particular, for L belonging to a cKP hierarchy (12) we consider a special class of DB transformations
(37) which preserve the constrained cKP form of L,

m
L=T,LT/' =L, +) &D7'¥;, T.=o,00;, (40)

=]

D, =T, L(®,), V,=d;', (41)
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& =Ty(P;), V=T V¥ =-0]'0" (¥®,), i+a, (42)

where the DB-generating ¢ = &, coincides with one of the eigenfunctions appearing in formula (12) of the
initial L.

Let us consider the generic class of DB orbits on cKP, , consisting of k; transformations generated by @,
followed by k; transformations in &, direction and so on, until k,, transformations in @,, direction. Repeated

ea of o farmmla far Weanale Bae (A 1MW _( A 12Y frey tha ndiv) laadeq tha
usc O1 a bUlllyUblLlUll 1ormiua 1017 vvxuumuaua \ow LAPS. (AL AV = iy irom the npyvuuux; ieads us to the

following explicit expressions for the successive eigenfunctions and the 7-function obtained after >, k, steps
of successive DB transformations (see Ref. [ 19] and also Ref. [20]),

1 kp—1
dhaka0.) _TT TT 7k —tenko =100 ¢ 1 (0) yha ( (0D Yy
- a A1 11 0 AN s “Ta 77
b=a j=0
wi {0 yik=D +(0) ylka=D) | y(ka) )
= —5 ,.0.)‘,/‘l ’1;',40 ’('().)"Aa (k. 1) -, (43)
W[X( ""y/‘/ll 9---’X 9--~7X ]
(kl _____ i kg—1
ki ka—1,ka—1=j0,...) _ (D] (ki —=1) 0 kn,—
0 HH‘P“ ' P =W, T xS e, (44)
a=m j=0

where the upper indices in parentheses indicate the order of the corresponding DB step, the zero index referring
to the “initial” ¢cKP Lax operator, and where we have emnlnved the short-hand notations:

Tlinin) = @liteeim) p(@iteim)y =l 309 = (LO)3 (g0, =1,...,m. (45)

As seen from (40)-(42) and (43), the DB orbit L = (L), + 37 &P D=1w® of cKP, , starting from
a purely differential initial L(® = (L(?),, defines a class of truncated cKP, ,, hierarchies where the m adjoint
eigenfunctions ¥; = ¥, %) are not independent of the m eigenfunctions ®; = ¢§k) since both are parametrized
in terms of m initial eigenfunctions @fo) only.

As a simple example of truncated cKP hierarchies, consider formulas (43), (44) for the DB orbit of the
cKP; ,, hierarchy (the so-called “multi-boson” reduction of the general KP hierarchy) starting from a “free”

initial 7(0) — N Tn thi a hava to cnnhats tute n A’I\ fAAN
15l £y - is, 111 LlllD \raa\’ W\/ llﬂv\f LW dDUUaLituLwe lll \TIJy, L7777,
=50 0= / dad® (A) exn( > ‘,\'z\ (46)
f r}l /

with arbitrary “densities” ¢; ° (A) (and with appropriate contour /" such that the A-integrals exist). A special
feature of truncated cKP, , is that their dressing operators are truncated (having only a finite number of terms
in the pseudo-differential expansion, cf. Ref. [14}),

1 k=1 Nm m
wikika) — TT TT 7Ci—=1lka=1=40,.) n=Nu — N\ tktenskn) p—Jj —\ " (AT
= 115 D 2V D/, Nm =) ke (47)
a=m j=0 j=0 a=1
where notations (45) were used.
The particular case m = 1 of (40)-(44) yields
L) (d;(k)Dds(k)_l )L(k)(d;(k)D—id;(k)—‘) =D+ ¢(k+l)D_111’(k+l), (48)
¢(k+]) = ¢(k)(ln¢(k))" + (¢(k))2.|p(k)’ q,(k-H) = (¢(k))—l, (49)
n
g o Wil 06, 2 80L w14 00,711, (50)

Wol,dd,...,d"1p]"
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where
¢=00 = / dad® (1) exp(z t,A’). (51)
r=1

The hierarchies given by (48) are generalizations of the Burgers-Hopf hierarchy defined by L") = D +
#(n¢)'Dp7".

6. Additional symmetries versus DB transformations for cKP hierarchies. String condition

With the help of identities (A.6)-(A.9) from the Appendix we find the following explicit form of the DB
transformation of the operators X,(cl_)l (24,

TXD T = X0 — (L 4+ (Tu(XD, + 3kl ) (@) 1D 710, (52)
k=2

(L, = ST IHI2(@,) DTHEY (W) (53)
=0

Here L, 7, are as in (40) and the DB-transformed X.", have the same form as X{, in (24) with all (adjoint)
eigenfunctions substituted with their DB-transformed counterparts as in (40)~-(42). Also notice that in the
particular case of cKP,,; hierarchies (L(“))"__1 (53) coincides with the (pseudo-differential part of the power
of the) full cKP,,; Lax operator (cf. Eq. (12) for m=1 and (A.5)).

Taking into account (40)-(42) and (52), (53) we conclude that:

The additional-symmetry flows (32) for cKP,,; hierarchies (Eq. (12) with m = 1) commute with the
Darboux—Bicklund transformations (40) preserving the form of ¢KP,, up to shifting of (32) by ordinary
isospectral flows. Explicitly we have

aL

VRN CR AR (54)

Eq. (54) shows that the additional-symmetry flows (32) are well-defined for all cKP,; Lax operators be-
longing to a given DB orbit of successive DB transformations. Notice that it is precisely the class of (truncated)
cKP, hierarchies which is relevant for the description of discrete (multi-)matrix models [21,16,19].

Motivated by applications to (multi-)matrix models (see Ref. [7]), one can require invariance of cKP
hierarchies under some of the additional-symmetry flows, e.g., under the lowest one d; = do,1 known as
“string-equation” constraint (string condition) in the context of the (multi-)matrix models,

JL=0 - [M., L}=-1, FHP=0 - M,&=0. (55)

Egs. (55), using the second Eq. (5), (7) and the first Eq. (34) for & =0, lead to the following constraints on
L (12) and its DB-generating eigenfunction @, respectively,

I+r 3
Z tryi— L+ [1,L]6,1 = -1, (56)
51 r at

(th’wi +:,)¢=0. (57)

at
I>1
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Recall now the formula (44) for the 7-function of the cKP, ,, hierarchy (12). Noticing that the eigenfunctions
@8 of the DB-transformed Lax operators L) satisfy the same constraint Eq. (57) irrespective of the DB-step
k, we arrive at the following result (“string-equation” constraint on the 7-functions):

The Wronskian 7-functions (44) of cKP, ,, hierarchies (12), invariant under the lowest additional symmetry
flow (55), satisfy the constraint equation

l+r J ("
(g_r_"%t‘, +m,);@ -0, (58)
I>1

As the simplest illustration, consider the discrete one-matrix model corresponding to the generalized Burgers—~
Hopf hierarchy, i.e., to the chain of the Lax operators connected via DB transformations as described in Egs.
(48), (49), but with the additional restriction on ¢ = & (51) (coming from the orthogonal polynomial
formalism),

¢ = / dAexp (Z t,/\’), ie., ¢OA) =1. (59)
r=1

The initial “free” eigenfunction (59) obeys the constraint Eq. (57) (for r = 1) and, therefore, Eq. (58) (with
r=1) for the 7" as in (50) yields precisely the “string-equation” in the one-matrix model,

o0
3
LEW,(p,09,...,0" 91 =0, L= kty +n1 (60)
o Ol

Furthermore, as one can check directly [7], the Wronskian 7-function (second Eq. (50)) with ¢ restricted
as in (59) automatically satisfies all higher Virasoro constraints. Thus, we conclude that for the particular
class of cKP hierarchies — the generalized Burgers-Hopf hierarchies (48)-(51), invariance under the lowest
additional-symmetry flow automatically triggers invariance under all higher additional-symmetry flows as well.

Appendix A. Technical identities
We list here for convenience a number of useful technical identities, which have been used extensively

throughout the text.
We work with calculus of pseudo-differential operators based on the generalized Leibniz rule,

© n . .
D"f=§:(.)(aff>0"‘f. (A1)
N
For an arbitrary pseudo-differential operator A we have the following identity,
(xDx~'AxD T ™Y = xDx T A DT T = xax(x T A () DT X, (A2)
where A is the differential part of A= A, + A_ = 0% A,D'+ Y. A,D'. For a purely differential operator

K and arbitrary functions f, g we have an identity

(K, fD7'gl_ =K(f)D7'g— fD7'K" (). (A3)
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fiD g, i=1,2,
(&), (A4)
where X ( f2) = fid] I g1 f2), etc. From the above identity foliows the relation {17]

m k-1

(L_ =SS "L @) DN (L) ()
Md Lt
=l j=0

~~
n
=
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Let us also list some useful identities involving Darboux-Bécklund-like transformation of pseudo-differential
operators of the X;-form above,

TA®, D 'NT; ! = (OIN)D ' 1, (A.6)

To(MD'W)T, ' = MDY (L*(¥,)) + {T.(Ma7 (¥,8,))} D&, !, (A7)

TAMD™'NYT,' = MD™'N + {T.(M37\(N&.))} D~ 'o] !, (A.8)

(L) (¥a) = —0;'97 (Do (L*) ™ (¥a)), (A9)
where @, is one of the eigenfunctions of a cKP Lax operator L (12) and

T, = &,DP; ", V,=d;!,

M=T (M) =00,(0;'M), N=T 7(N)=—&7'3]"(®,N).
Finally, let us recall the following important composition formula for Wronskians [22],

W,

Tt ... Ti(f) = "(f) (A.10)

where
W, Wi C Wio\]
;= D =D 1 s Wy =1, 11

g Wi W { +(n W; 0 (A.11)

Wy = Wil ... ] =detlai 1, W1 () = Wild, .. o1, . (A.12)
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